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Abstract— Simultaneous vibration control and energy har-
vesting of vehicle suspensions has attracted great research
interests over the past decades. However, existing frameworks
tradeoff suspension performance for energy recovery and are
only responsive to narrow-bandwidth vibrations. In this paper,
a new energy-regenerative vibration absorber (ERVA) using
a ball-screw mechanism is investigated. The ERVA system is
based on a rotary electromagnetic generator with adjustable
nonlinear rotational inertia which passively increases the mo-
ment of inertia as the vibration amplitude increases. This
structure is effective for energy harvesting and vibration control
without increasing the suspension size. Furthermore, a nonlin-
ear model predictive controller (NMPC) is applied to the system
for further performance enhancement where we exploit road
profile information as a preview. The performance of NMPC-
based ERVA is demonstrated in a number of simulations and
superior performance is demonstrated.
I. INTRODUCTION
Semi-active suspensions with adjustable damping were in-
troduced in 1970s and can provide better trade-offs between
suspension performance and power consumption than passive
or active suspensions [1], [2]. For example, studies show
that magnetorheological (MR) controllable fluid dampers
demonstrated significantly improved ride quality and road
handling with only hundreds of watts of actuation power [3],
[4]. However, the need of electricity tethers active and semi-
active suspensions to external batteries, increasing design dif-
ficulties and decreasing system reliability. Meanwhile, there
is a fair amount of energy being dissipated by vehicle shock
absorbers. Depending on the vehicle type, it is estimated
that 100 watts to 10 kilo-watts of electrical power can
be harvested from vehicle suspensions [5]. These energy
harvesting potentials offer an invaluable energy source to
power the controller.
As such, energy-regenerative suspensions that can con-
vert vibration energy into electricity to self-power the con-
trollers have been widely studied in the past decades. Dif-
ferent transducers have been used to convert the energy,
including magnetorheological transducers [6]–[8], hydraulic-
electromagnetic transducers [9], [10], and linear [11]–[15]
and rotary electromagnetic transducers [16]–[18]. In this
work, we will focus on electromagnetic transducers. In
particular, the linear electromagnetic transducers directly
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convert the linear reciprocal vibration motion of the sus-
pension into electricity, using a set of voice coils moving
in an array of magnetic fields. The damping force is then
generated due to the back electromotive force [19], [20].
Yet, they typically have small energy density and bulky
designs. For example, the linear regenerative shock absorber
patented by Tufts University [11] weights over 150 pounds
and has a too large diameter (6”) to fit into most existing
vehicle suspensions. The rotary systems, on the other hand,
utilize certain linear-rotational motion transmission mech-
anisms, such as a ball screw or rack-pinion, to transmit
the reciprocating linear vibration into rotational motion,
driving a rotary electromagnetic transducer for electricity.
Because the motion transmission ratio can be amplified,
e.g., by gearboxes, the energy density and damping force
can be much larger than the linear systems. Furthermore,
one can achieve semi-active damping control by varying the
duty cycle of an electromagnetic transducer [21] or active
damping control by applying a drive voltage to the transducer
to generate control input [22].
The rotary systems can be readily integrated with the in-
erter, which is a new passive vibration control device recently
introduced to achieve better suspension performance for
vehicles [23]–[30]. Similar to the rotary systems, the inerter
typically uses a rack-pinion [31] or ball screw mechanism
[32] to convert the linear suspension vibration to rotational
motion of an object with large moment of inertia, e.g., a
flywheel. Due to the large moment of inertia, an inerter
device with small physical mass can provide a large inertia
force equivalent to the inertia force of a translating object
with ten to hundreds times physical mass [25], [32]. By
attaching a flywheel, the rotary systems then can have dual
capabilities of energy regeneration and semi-active vibration
control.
Motivated by these advantages, a new energy-regenerative
vibration absorber (ERVA) with nonlinear inertia is inves-
tigated. The absorber consists of a rotary electromagnetic
generator and a nonlinear rotational inertia vibration absorber
that passively increases its moment of inertia as the vibration
amplitude increases. By doing so, the effectiveness of energy
harvesting and vibration control are simultaneously enhanced
when compared with conventional linear inerters that have a
constant moment of inertia. Furthermore, the damping force
of the absorber is adjustable to achieve semi-active damping
control.
To further improve the energy harvesting efficiency while
maintaining good ride comfort, a nonlinear model predictive
controller (NMPC) is developed to adjust energy harvesting
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Fig. 1: Schematic of the proposed electromagnetic vibration ab-
sorber with inertia nonlinearity. (left) Overview of the vibration
absorber; (right) A view of the generator that passively changes its
moment of inertia.
circuit by optimizing the process according to external infor-
mation, i.e. the road profile. With the advent of technologies
that use existing vehicle sensors for road profile estimation
[33], [34], the proposed preview control with NMPC is prac-
tically appealing. This combined strategy, NMPC embedded
in the novel ERVA, can provide adjustable vibration control
and energy harvesting according to specific requirements,
minimization of chassis acceleration for driving comfort,
maximization of energy harvesting, or a trade-off for both
satisfaction.
The rest of this paper is organized as follows. In section II,
the structure of ERVA is introduced. Section III describes the
system formulation, including a simplified linear benchmark
model, as well as the NMPC implementation. A set of
simulation results and performance evaluation are presented
in section IV. The section V concludes the paper.
II. VIBRATION ABSORBER SYSTEM DESCRIPTION
A. System Structure
Fig. 1 shows the schematic of the proposed electromag-
netic vibration absorber with inertia nonlinearity. The key
component of the absorber is the rotary electromagnetic
generator that passively changes its moment of inertia. The
passive change of moment of inertia is achieved by connect-
ing the rotor of the electromagnetic generator with a sliding
mass that is constrained to move along a motion guide fixed
to the housing via a slotted rod that allows the mass to move
relatively in the radial direction. Meanwhile, the angular
motion of the mass and the rotor are identical. Because the
radial position of the mass depends on its angular position,
the moment of inertia of the rotor-mass system is a function
of the angular position. Depending on the design of the
motion guide, the moment of inertia can increase or decrease
as the angular position changes. The working principle of
the absorber is briefly explained as follows. When the two
terminals are connected to a vehicle body and its suspension
strut, respectively, the vibration of the vehicle translates the
nut back and forth, subsequently rotating the screw. Because
the rotor of the generator is attached to the screw via the
torsion spring, it oscillates relative to the screw. As a result,
some of the vibration energy is transferred to the kinetic
energy of the oscillating rotor-mass system. In principle,
the more kinetic energy transferred, the better the vibration
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Fig. 2: Mathematical model of nonlinear inertia vibration absorber
suppression can be achieved. Because the kinetic energy is
proportional to the moment of inertia of the absorber, one
shall design a motion guide such that the moment of inertia
increases as the angular position increases. Therefore, in this
paper, a motion guide that enables “enlarging inertia” is used.
Furthermore, the absorbed kinetic energy is converted
into electricity by the electromagnetic generator to achieve
energy regeneration. The rate of energy regeneration can be
controlled by the duty cycle of the generator; see Fig. 2. As
a result, an energy regeneration circuit can be idealized as
pure resistance shunt [21]. In many practical scenarios, the
impedance of inductance of a generator is negligible when
compared with the impedance of the energy regeneration
circuit [35]. As such, the energy regeneration circuit can be
modeled as an ideal viscous damper. By controlling the duty
cycle, the damping force of the device can be controlled
semi-actively.
B. Equations of Motion of the Vibration Absorber
Fig. 2 shows a mathematical model of the absorber.
Lagrange’s equation is used to derive the equations of motion
of the system. Suppose the angular position of the motion
guide and the angular position of the mass relative to the
motion guide are θ and φ, respectively. The radial position
of the mass depends on the relative angular position and is
written as r = r (φ). When using the polar coordinates, the
kinetic energy of the system is written as,
T =
m
2
[(
r′φ˙
)2
+ r2
(
φ˙+ θ˙
)2]
+
Jr
2
(
φ˙+ θ˙
)2
+
Jb
2
θ˙2
(1)
where r′ = dr/dφ and m is the mass, and Jr, Jb are the mo-
ment of inertia of the rotor and of the ball screw (including
the housing), respectively. Furthermore, the potential energy
is,
V =
k¯d
2
φ2 (2)
where k¯d is the stiffness of the torsion spring. When a pair
of parallel forces of equal magnitude F ( mg) is applied to
the two terminals in opposite directions, the screw is subject
to a torque τ = lF , where l represents the effective moment
arm, which depends on the parameters of the ball screw, e.g.,
the screw pitch. The virtual work done by the torques is,
δWθ = Qθδθ = τδθ (3)
where Qθ is the corresponding generalized force. The rotor
and the ball screw are subject to a pair of resistance torques
of equal magnitude and opposite directions due to the back
electromotive force (emf). The torque on the rotor −κ¯i is
proportional to the current i, where κ¯ is the torque constant.
The torque on the ball screw is then obtained by removing the
negative sign. The energy harvesting circuit can be idealized
as a variable resistance R(t) that takes away the electrical
energy. The virtual work done by the resistance torque is
written as,
δW = Qδφ = −κ¯iδφ (4)
and the electrical virtual work done on a charge by the
electrical field across the resistor is,
δWR = QRδq = −R(t)iδq (5)
where q is the electrical charge, and the electrical work done
by the emf is,
δWe = Qeδq = κ¯φ˙δq (6)
where Q, QR, and Qe are the generalized forces. Further-
more, the energy stored in the inductance is,
E =
1
2
Li2 (7)
The Lagrange equations are derived as,
d
dt
∂L
∂g˙i
− ∂L
∂gi
= Qi (8)
where L = T + E − V is the Lagrangian, g1 = φ, g2 = θ,
and g3 = q are the generalized coordinates, and Q1 = Q,
Q2 = Qθ, and Q3 = QR +Qe. After substituting (1) to (7)
into (8), using the angular position of the rotor ψ = φ + θ,
and idealizing the electrical circuit as pure resistance shunt,
the equations of motion are derived as,
(Jr + Jeff ) ψ¨ +mreff ψ˙
2 − 2mreff θ˙ψ˙ +mr′r′′θ˙2
−m (r′)2 θ¨ + k¯d (ψ − θ) + ce(t)
(
ψ˙ − θ˙
)
= 0
(9)
Jbθ¨ + 2mrr
′
(
ψ˙2 − ψ˙θ˙
)
+
(
Jr +mr
2
)
ψ¨ = Fl (10)
where Jeff = m
[
r2 + (r′)2
]
is the effective moment of
inertia of the mass, reff = (rr′ + r′r′′) is the effective
radius, r′′ = d2r/dφ2, and ce(t) = κ¯2/R(t) is the semi-
actively controlled electrical damping coefficient. For the rest
of the paper, the radial position r(φ) = r(0) + λr1(φ) =
r0 + λr1(φ) is considered, where λ is a length constant.
The superior performance of this new design will be
demonstrated in the numerical simulations in Section VI.A.
Fig. 3: Quarter car model
III. SYSTEM FORMULATION FOR MODEL PREDICTIVE
CONTROLLER IMPLEMENTATION
A. NMPC-based ERVA Model Formulation
In this section, a nonlinear Model Predictive Controller
(NMPC) is implemented for ERVA control. The system
dynamics is based on the the quarter-car model as shown
in Fig. 3. Here Ms and Mus are sprung mass and unsprung
mass, respectively; zs and zus are the corresponding dis-
placements, zr is the road profile; ks and kt are, respectively,
spring stiffness and tire stiffness, and c is the damper
coefficient. The ERVA is mounted between the sprung mass
and unsprung mass, reacting by the applied force F . By the
analysis of Newton’s second law on this model, the equations
of motion (EOM) of this quarter car, together with ERVA are
derived in the differential equation form as,
Msz¨s +mb(z¨s − z¨us) + c(z˙s − z˙us) + ks(zs − zus)
+ h(x)z˙d[z˙d − (z˙s − z˙us)] + g(x)z¨d = 0
Musz¨us +mb(z¨us − z¨s) + c(z˙us − z˙s) + ks(zus − zs)
− h(x)z˙d[z˙d − (z˙s − z˙us)]− g(x)z¨d + ktzus = ktzr
A(x)z¨d +B(x)z˙
2
d + C(x)z˙d(z˙s − z˙us) +D(x)(z˙s − z˙us)2
+ E(x)(z¨s − z¨us) + V (z, t) + kd[zd − (zs − zus)] = 0
(11)
where
h(z) = 2md(r
′
1 + 
2r1r
′
1)/l
g(z) = mr +md(1 + r1)
2
A(z) = mr +md(1 + r1)
2 +md
2(r′1)
2
B(z) = md[r
′
1 + 
2(r1r
′
1 + r
′
1r
′′
1 )]/l
C(z) = −2B(x)
D(z) = md
2r′1r
′′
1/l
E(z) = −md2(r′1)2
V (z, t) = ce(t)[z˙d − (z˙s − z˙us)]
r1 = φ
2 =
1
l2
[zd − (zs − zus)]2
r′1 = 2φ =
2
l
[zd − (zs − zus)], r′′1 = 2
(12)
 = λr0 zs − zus = lθ zd = lψ
mr =
Jr
l2 mb =
Jb
l2 md =
mr20
l2
kd =
k¯d
l2 κ =
κ¯
l
We define the system states as x1 = zs, x2 = z˙s, x3 =
zus, x4 = z˙us, x5 = zd and x6 = z˙d; the control variable
as u = ce(t); the external disturbance as w = zr, then the
EOMs in (11) can be transformed into a compact matrix
form as (13).

1 0 0 0 0 0
0 Ms +mb 0 −mb 0 g(x)
0 0 1 0 0 0
0 −mb 0 Mus +mb 0 −g(x)
0 0 0 0 1 0
0 E(x) 0 −E(x) 0 A(x)


x˙1
x˙2
x˙3
x˙4
x˙5
x˙6
 =

x2
−h(x)x6(x6 − x2\4)− cx2\4 − ksx1\3
x4
h(x)x6(x6 − x2\4) + cx2\4 + ksx1\3 − ktx3 + ktw
x6[ −B(x)x26 − C(x)x6x2\4 −D(x)x22\4
−u(x6 − x2\4)− kd(x5 − x1\3)
]

(13)
where x2\4 = x2 − x4 and x1\3 = x1 − x3.
This compact matrix form Φ(x)x˙ = f(x, u, w), which
is an implicit ordinary differential equation system, can
be further re-written as x˙ = Φ(x)−1f(x, u, w). The state-
dependent coefficient matrix Φ(x), under physical system
assumption, is positive definite, so the inverse of Φ(x) is
applied.
The control goal for this implementation is twofold: 1)
good ride comfort by minimizing the chassis acceleration
x˙2 (which is z¨s); and 2) efficient energy harvesting by
maximizing the regenerated power, P = u[x6 − x2\4]2, by
controlling the damping u in real time. Based on the twofold
target, an economic running cost function can be defined as,
I(t) = α1x2a(t)− α2u(t)
[
x6 − x2\4(t)
]2
(14)
where xa = x˙2, α1 and α2 are the weights for normalizing
and penalizing the twofold objective terms. So the problem
considered can be formulated as the following optimal con-
trol problem,
min J =
∫ t1
t0
I(τ)dτ
s.t. x(t0) = x0; u(t) ∈ U
x˙(t) = Φ
(
x(t)
)−1
f
(
x(t), u(t), w(t)
) (15)
Where t0, t1 are the initial and terminal time points, respec-
tively; x0 is the initial condition; and U is the constraint set
for the control variable.
In this paper, we use MPC to solve the above optimal
control problem. Specifically, we discretize the continuous
EOM (13) as xk+1 = Fd(xk, uk, wk) with a sampling time
of Ts. The MPC problem can be formulated as,
min J =
N−1∑
k=0
Id(k)
s.t. x(0) = x0; u(k) ∈ Ud
x(k + 1) =
[
Φ
(
x(k)
)−1
f
(
x(k), u(k), w(k)
)]
d
(16)
where the discrete stage cost is Id = α1T 2s
[
xa(k) − xa(k −
1)
]2 − α2u(k)[x6(k)− x2\4(k)]2; N is prediction horizon;
k is the current time step; the EOM and control constraints
are in the corresponding discrete verison. Note that with
the advent of technologies that use existing onboard sensors
for road profile estimation [33], [34], information about the
disturbance w can be incorporated in the MPC framework as
a preview. The above nonlinear MPC problem can be reduced
to a nonlinear programming problem that can be numerically
solved.
B. Linear Benchmark Model
A linear benchmark model can be obtained by considering
a traditional linear rotary system, e.g., [17], wherein the ball
screw is rigidly connected to the rotary generator. The EOMs
can be readily derived from (13) by omitting all nonlinear
terms and zd’s equation.
1 0 0 0
0 Ms +mx 0 −mx
0 0 1 0
0 −mx 0 Mus +mx


x˙1
x˙2
x˙3
x˙4
 =

x2
(c+ u)(x4 − x2) + ks(x3 − x1)
x4
(c+ u)(x2 − x4) + ks(x1 − x3)− ktx3 + ktw

(17)
where mx = mb+mr+md. This linear model has the fixed
moment of inertia, so the advantages of ERVA with adaptive
nonlinear rotational inertia is unlikely to be achieved by this
linear model. However, this linear model can be used as a
benchmark, representing the conventional systems with fixed
rotational inertia, for performance comparison with ERVA.
IV. SIMULATION RESULTS
In this section, the performance of vibration control and
energy harvesting is demonstrated by a set of simula-
tions through NMPC-based ERVA. First the performance
of benchmark model and passive ERVA model which has
fixed electrical damping coefficient (the control variable)
is examined. Then further simulations are conducted on
NMPC-based ERVA model, the purpose is to find out how
much the performance can be improved by knowing the road
profile ahead of time. Simulation parameters are presented
in Tab. I.
A. Baseline vs. ERVA
In this subsection, we inspect the approximate open-loop
frequency response (FR) from the road-disturbance to the
chassis vertical acceleration and power harvesting system.
A comparison is made between the passive ERVA with
nonlinear inertia and the benchmark system described in
Section III.B. The external excitation (road disturbance) is
specified as a series of pure sinusoidal tones with fre-
quency ranging from 1Hz to 10Hz. Fig. 4 shows the FR
of chassis acceleration and power harvesting of the linear
benchmark model and ERVA with constant control variable
TABLE I: Simulation parameters.
Ms Mus kt ks
250 kg 35 kg 150 kN/m 55 kN/m
c kd l ce0
70.71 Ns/m 24.09 kN/m 0.16 m/rad 10 kNs/m
md mr mb Ts
129.78 kg 14.42 kg 21.31 kg 0.02s
t0 t1 N 
0 s 4 s 10 0.1
100 101
40
50
60
dB
FR from Road Profile to Chassis Acceleration
Linear Benchmark Model
Passive ERVA
100 101
Excitation Frequency [Hz]
0
50
100
dB
FR from Road Profile to Power Harvesting
Linear Benchmark Model
Passive ERVA
resonant peaks
of ERVA system
1.7Hz 5.8Hz
Fig. 4: Approximate FR of linear benchmark and passive ERVA
from road profile to; (Top) Chassis acceleration; (Bottom) Power
harvesting. 1.7Hz and 5.8Hz are the two resonant peaks for
passive ERVA.
(Ce0 = 10kNs/m). For chassis acceleration, passive ERVA
provides a remarkable attenuation benefit around the reso-
nance frequency (located at 3.7Hz) of the benchmark model.
For power harvesting, a broader bandwidth enables passive
ERVA to possibly gain higher energy. The two aspects
demonstrate the superior performance of the proposed ERVA
design.
B. Performance of NMPC-based ERVA
In this subsection, we directly present the results of the
ERVA performance with NMPC controls, better performance
of this semi-active ERVA can be easily demonstrated when
compared with passive ERVA. In addition, alternative tar-
gets, i.e. minimize chassis acceleration, maximize power
harvesting or trade-off according to specific requirements,
are attainable with NMPC control.
For the purpose of further performance enhancement of
the semi-active ERVA system. We evaluate it in two cases: 1)
with no road profile preview; and 2) with road profile preview
(that can be obtained using methods in [33], [34]. The “true”
road profile in this simulation is defined as a sinusoidal
wave with the first natural frequency 1.7Hz and the wave
magnitude 1mm. In addition, a low-pass filtered unknown
white-noise perturbation with Signal-to-Noise-Ratio (SNR)
7dB is applied. This road corresponds to a Type C road
surface [36].
Note that the tradeoff between energy harvesting and
ride comfort can be controlled using the weights in the
MPC cost function, i.e., α1 and α2 in (14). Towards that
end, we first maximize the ride comfort by minimizing the
vertical acceleration with (α1, α2) = (1, 0). The vertical
acceleration comparison is shown in Fig. 5, which clearly
shows that MPC with preview offers better ride comfort with
a 41.13% decrease in 2-norm than MPC without preview.
Note that both perform much better than the passive case
which exhibits almost 1.5m/s2 acceleration at its first natural
frequency point.
0 0.5 1 1.5 2 2.5 3 3.5 4
Time[s]
-0.2
-0.1
0
0.1
0.2
0.3
Ac
ce
le
ra
tio
n[m
/s2
]
Chassis Acceleration - ERVA
Without road preview
With road preview
Fig. 5: Minimize chassis acceleration of quarter car model.
We next compare the energy harvesting efficiency by
choosing (α1, α2) = (0, 1), i.e., ignoring the ride comfort
term in the cost function. The performance comparison is
shown in Fig. 6. The average power regenerated by NMPC
with road preview is 11.0352 watt, which is 49.13% more
compared to the no-preview case (7.3998 watt). Again, both
cases for harvested power is much higher than the passive
ERVA which only regenerated 2.5358 watt within the same
period.
0 0.5 1 1.5 2 2.5 3 3.5 4
Time[s]
0
50
100
150
Po
w
er
[w
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Harvested Power - ERVA
Without road preview
With road preview
Fig. 6: Maximize energy harvesting.
Finally, both energy harvesting and ride comfort are
considered in the cost function where we pick (α1, α2) =
(1, 0.01). The comparison is shown in Fig. 7, where MPC
with preview works better in terms of energy harvesting and
ride comfort (26.45% increase in power and 31.41% decrease
in vibration).
0 0.5 1 1.5 2 2.5 3 3.5 4
Time[s]
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0
0.2
0.4
Ac
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] Chassis Acceleration - ERVA Without road preview
With road preview
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Fig. 7: Twofold objective performance.
These results definitely show the benefits of incorporating
road profile information as a preview, even with a moderate
noise level (7dB in the simulation).
V. CONCLUSIONS
The MPC-based electromagnetic ERVA is demonstrated
effectively for vibration control and energy harvesting. This
absorber with adjustable nonlinear moment of inertia can
indirectly enlarge electricity converting rate by control-
ling the duty cycle of electromagnetic generator circuit.
We demonstrate the superior performance of the ERVA as
compared to a benchmark. A nonlinear MPC is properly
implemented and we show that road preview information
can be incorporated as a preview to significantly improve the
control performance. Future work will focus on the stability
and sensitivity analysis of NMPC as well as prototyping the
proposed ERVA.
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